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Abstract

Recent experiments on dynamic fracture of unidirectional ®ber-reinforced graphite/epoxy
composite materials showed that, in Mode I, the crack tip velocity could never exceed the
shear wave speed, while the crack tip velocity in Mode II not only exceeded the shear wave

speed but also approached a stable velocity at which the crack grew for a substantial period
of time in experiments. The experimentally obtained fringe patterns also clearly showed the
existence of shear shock waves when the crack tip velocity exceeded the shear wave speed.

In the present study, we have obtained the asymptotic ®elds near an intersonically
propagating crack tip. It is shown that Mode-I intersonic crack propagation is impossible
because the crack tip energy release rate supplied by the elastic asymptotic ®eld is negative
and unbounded, which is physically unacceptable since a propagating crack tip cannot

radiate out energy. For Mode II, however, it is established that there exists a single crack
tip velocity (higher than the shear wave speed) that gives a ®nite and positive crack tip
energy release rate. At all other intersonic crack tip speeds the energy release rate supplied

by the elastic asymptotic ®eld is identically zero. This critical crack tip velocity agrees well
with the stable crack tip velocity observed in experiments. The synthetically obtained fringe
patterns based on the asymptotic ®eld also agree with experimentally obtained fringe
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1. Introduction

Although there exist large amounts of literature on subsonic dynamic fracture,

the study on intersonic crack propagation (i.e., crack tip velocity larger than the
shear wave speed of the material) is very limited. Analysis of seismic data taken
during crustal earthquakes has led to the conclusion that a shear fracture on a
pre-existing fault (weak plane) can propagate at a speed greater than the shear

wave speed in crustal material (Archuleta, 1982). Motivated by the fast crack
growth observed in crustal material, Burridge (1973), Burridge et al. (1979),
Freund (1979), and Simonov (1983) investigated the intersonic crack growth in an

elastic isotropic solid. Freund established that, for intersonic crack growth in an
isotropic solid, stresses are singular not only at the crack tip, but also on two rays
propagating with the crack tip. These two rays, similar to shock waves in

aerodynamics, are equally inclined to crack faces (one on each side) and represent
lines of strong discontinuity. The power of stress singularity at the intersonically
propagating crack tip is not 1/2, but depends on the crack tip velocity. In Mode I,
the power of stress singularity is always larger than 1/2 for crack tip velocity

above the shear wave speed cs. Only when the crack tip velocity equals the shear
wave speed the stress singularity at an intersonically propagating Mode-I crack tip
becomes the conventional (subsonic) square-root singularity. In Mode II, contrary

to Mode I, except for a single crack tip velocity above cs, the power of stress
singularity is always less than 1/2. The crack tip velocity that gives the square-root
singularity at an intersonically propagating Mode-II crack tip is

���
2
p

times the
shear wave speed, i.e.,

���
2
p

cs.

It should be pointed out that the crack tip energy release rate becomes in®nite
when the power of stress singularity exceeds 1/2 as is true in the case of Mode-I

intersonic crack growth. However, after a careful examination of the mode-I
asymptotic ®eld around an intersonically propagating crack tip, we ®nd that the
normal stress ahead of the crack tip is compressive, i.e., s22(x1>0, x2=0)<0,

which is contradictory to the tensile stress required for mode I crack propagation.
In fact, it can be veri®ed that the mode I elastic asymptotic crack tip ®eld gives a
negative, unbounded crack tip energy release rate. Since fracture of materials
requires a ®nite and positive crack tip energy release rate, it is impossible for a

Mode-I crack tip to propagate intersonically in isotropic solids. For Mode-II
intersonic crack growth, there exists a critical crack tip velocity,

���
2
p

cs, at which
the crack tip energy release rate remains ®nite and positive. At all other intersonic

crack tip speeds, the dynamic energy release rate supplied by the elastic
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asymptotic ®eld for crack growth is identically zero since the power of the
singularity is less than 1/2. However, there have not been any experiments that
can validate the attainment of this critical crack tip velocity in elastic
homogeneous and isotropic solids because a crack always kinks or branches out
(i.e., deviates from the initial crack plane and has a zig-zag crack path) once the
crack tip velocity reaches 0.3±0.4cs (e.g., Freund, 1990; Gao, 1993). In other
words, a wavy crack path always steps in, or the crack ®nds it more energetically
favorable to branch, before intersonic crack propagation occurs, which makes the
detection of intersonic crack growth in elastic homogeneous and isotropic solids
nearly impossible in laboratory experiments. Indeed the only possibility of
attaining intersonic conditions is to introduce a weak path (or a bond of lower
toughness) as described by a series of experimental studies discussed below.

Recent experimental studies of Tippur and Rosakis (1991), Liu et al. (1993),
Lambros and Rosakis (1995), Singh and Shukla (1996), Singh et al. (1997), and
Rosakis et al. (1998) showed some surprising phenomena in dynamic interfacial
fracture. For a PMMA/steel bimaterial, the interfacial crack tip velocity was
observed to rapidly approach and exceed the shear wave speed of PMMA. These
experiments have motivated a series of analytical and numerical studies of
intersonic crack growth. Liu et al. (1995), Yu and Yang (1995), Huang et al.
(1996), Xu and Needleman (1996), Breitenfeld and Geubelle (1999), and
Needleman and Rosakis (1999) investigated the asymptotic ®elds around an
intersonically propagating crack tip. They showed that stresses are singular on a
ray which is in the more compliant constituent in the bimaterial and propagates
with the crack tip. This ray represents a line of strong discontinuity and has been
observed in a series of experiments (Liu et al., 1993; Lambros and Rosakis, 1995;
Singh et al., 1997; Rosakis et al., 1998).

In the above mentioned analytical studies for intersonic crack growth along a
bimaterial interface, the crack faces were assumed to be traction-free. The power
of stress singularity at the crack tip is always less than 1/2, and therefore, leads to
a vanishing crack tip energy release rate in the entire intersonic regime. The
experiments of Liu et al. (1993), Lambros and Rosakis (1995), and Singh et al.
(1997), however, showed a relatively large contact zone that exists behind the
interfacial crack tip and has a length between 1.5±2.0 mm. This ®nite contact
zone, propagating with the crack tip, results from the shear-dominated nature of
intersonic interfacial fracture (Lambros and Rosakis, 1995; Liu et al., 1995).
Motivated by these experimental observations, Huang et al. (1998) investigated
the stress and displacement ®elds around an intersonically propagating interfacial
crack tip with ®nite crack-face contact. An analytical full-®eld solution was
obtained for a ®nite contact zone at the bimaterial interface. This provides a
useful means for analyzing experimentally obtained fringe pattern and data. In
fact, the analytical solution agrees very well with both Coherent Gradient Sensing
(CGS) and photoelasticity experiments. Although the observed crack face contact
over the ®nite contact zone trailing the crack tip seems to suggest a net energy
dissipation rate, the power of stress singularity at the crack tip is still less than 1/2
such that the rate at which elastic energy going into the fracture process zone
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ahead of the crack tip is still zero. It thus remains mysterious within the model of
linear elasticity how energy is balanced near the crack tip. Gao (1996) has shown
that ®nite deformation (hyperelasticity) e�ects can drastically a�ect the dynamics
of a rapidly propagating crack. A ®nite deformation fracture model, such as the
Virtual Internal Bond (VIB) model developed by Gao and Klein (1998), may
eventually help in resolving the present issue.

Recently, investigators from the California Institute of Technology and from
Los Alamos National Laboratories have jointly studied various aspects of the
dynamic failure of unidirectional ®ber-reinforced graphite/epoxy composite
materials (see Coker and Rosakis, 1998; Liu et al., 1999; Rosakis et al., 1999). On
the macroscopic scale, this graphite/epoxy composite can be considered as an
elastic orthotropic solid whose elastic moduli, Poisson's ratio, mass density and
wave speeds are given in Table 1. The shear wave speed is 1920 m/s, while the
longitudinal wave speeds normal and parallel to the ®ber direction are 2800 and
10,000 m/s, respectively, in plane-stress deformation. Since ®bers do not break and
®ber/matrix interfaces are relatively weak, the crack tip always propagated along
the ®ber direction even when the macroscopic loading is mixed mode. One
important observation from their experiments was that, for Mode-I dynamic
fracture, the crack tip velocity could never exceed the shear wave speed, regardless
of the e�ort made to increase the impact velocities of the projectile. Furthermore
the measured dynamic energy release rate was found to decrease monotonically
with crack tip speed up to the Rayleigh wave speed along the ®bers (Liu et al.,
1999). However, the crack tip velocity in Mode-II dynamic fracture not only
exceeded the shear wave speed (1920 m/s), but also transiently approached a much
higher speed of about 9000 m/s and ®nally settled to a steady state speed of about
8000 m/s and remained at this speed for a substantial period of time in the
experiment. This di�erence between the fracture behavior in Mode I and in Mode
II imposes a new challenge to analytical study of intersonic crack propagation.

The reason that a crack can propagate intersonically in a unidirectional ®ber-
reinforced graphite/epoxy composite material is that the crack propagation path
has been speci®ed in a composite since ®bers are usually much stronger than the
®ber/matrix interfaces. Therefore, the crack tip always propagates along the
relatively weak interface (®ber direction), a situation which prevents crack kinking
or branching. For strictly homogeneous and isotropic materials, however, crack

Table 1

Material properties of unidirectional ®ber-reinforced graphite/epoxy composites

Plane-stress

elastic moduli

(GPa)

Out-of-plane

elastic compliancies

(1/GPa)

Mass

density r
(kg/m3)

Shear

wave speed cs
(m/s)

Longitudinal

wave speeds

(m/s)

c11 c22 c12 c66 s13 s23 Parallel

to ®bers cl
(1)

Normal

to ®bers cl
(2)

149.25 12.202 3.9047 5.45 ÿ0.002365 ÿ0.030578 1478 1920 10,000 2800
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branching always occurs once the crack tip velocity exceeds 0.3±0.4 times the
shear wave speed cs such that the intersonic crack propagation is not observed in
experiments, unless an arti®cially weak path is introduced. To check this
hypothesis, Rosakis et al. (1998b) recently performed dynamic high speed
photoelastic experiments on weakly bonded, identical Homalite-100 plates loaded
in an asymmetric impact con®guration, where Homalite-100 is isotropic and its
mechanical properties and wave speeds are given in Table 2. Rosakis et al. (1998b)
were able to show that under certain combinations of impact speed and bond
strength, shear dominated intersonic cracks are generated and grow along the
interface. The crack growth speeds were found to vary transiently and to cover
the entire intersonic regime attaining a maximum just short of the longitudinal
wave speed of Homalite-100 (cl02100 m/s). The cracks were again accompanied
by well formed shear shock waves emanating from the crack tip, characteristic of
all intersonically growing disturbances. This study clearly demonstrated that
Mode-II intersonic crack growth is possible even in bonded, identical isotropic
solids (one set of material parameters) as long as weak crack paths are available,
which are there to allow for Mode-II crack growth and to prevent crack kinking
or branching. However, it should be noted here that the existence of a bond of
lower toughness and strength makes the bonded system inhomogeneous, a fact
that accounts for the major di�erence to experimental observations of the past.

Motivated by the above experimental studies, this paper provides an
investigation of the stress ®eld around an intersonically propagating crack tip in a
®ber-reinforced composite. The composite is modeled as an elastic orthotropic
material. In Section 2, the method of analytical continuation is used to establish a
general approach for intersonically crack propagation in orthotropic materials.
The Mode-I and -II near-tip asymptotic ®elds are given in Sections 3 and 4,
respectively. From these asymptotic ®elds, it becomes clear why the Mode-I crack
tip velocity never exceeds the shear wave speed, and why the Mode-II crack tip
velocity approaches a constant, steady state speed that is much larger than the
shear wave speed. The synthetically generated CGS and photoelasticity fringe
patterns based on the asymptotic ®elds are presented in Section 5 and they agree
qualitatively with experimentally obtained CGS and photoelastic fringe patterns,
particularly on the existence of shock waves in the composite and in weakly
bonded Homalite-100 plates.

Table 2

Material properties of Homalite-100 s

Young's

modulus E (GPa)

Poisson's

ratio n
Mass

density r (kg/m3)

Shear

wave speed cs (m/s)

Longitudinal

wave speed cl (m/s)

5.3 0.35 1230 1255 2200
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2. Modeling of intersonic crack growth in unidirectional ®ber-reinforced composites

A general formulation for a crack propagating intersonically along the ®ber
direction in a unidirectional ®ber-reinforced composite under in-plane deformation
is given in this section. As shown in Fig. 1, ®bers in the composite are parallel to
the x1-axis. A semi-in®nite crack propagates along the ®ber direction at a crack
tip velocity v, such that

cs<v<c
�1�
l �2:1�

for an intersonic crack growth, where cs and c (1)l are the shear wave speed and the
longitudinal wave speed along the ®ber direction, respectively.

The composite is modeled as a homogeneous elastic orthotropic solid. In other
words, we do not account for the e�ect of the ®ber/matrix interfaces in the
macroscopic analysis, but consider the composite as a homogeneous solid with a
speci®ed crack propagation path to model the direction of lower toughness (x1-
direction). For an elastic orthotropic medium, the in-plane stresses sij are related
to displacements ui via the constitutive relation by

s11 � c11
@u1
@x1
� c12

@u2
@x2

,

Fig. 1. A crack propagating intersonically along the ®ber direction in a unidirectional ®ber-reinforced

composite.
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s22 � c12
@u1
@x1
� c22

@u2
@x2

,

s12 � c66

�
@u1
@x2
� @u2
@x1

�
, �2:2�

where cij are elastic moduli in plane-stress deformation. The shear wave speed, cs,
and longitudinal wave speed parallel to the ®ber direction, c (1)l , are related to the
elastic moduli by

cs �
������������
c66=r,

p
c
�1�
l �

�����������
c11=r

p
, �2:3�

where r is the mass density.
In conjunction with (2.2), the equation of motion gives

c11
@2u1
@x2

1

� c66
@2u1
@x2

2

� �c12 � c66� @2u2
@x1 @x2

� r
@2u1
@ t2

,

c66
@2u2
@x2

1

� c22
@2u2
@x2

2

� �c12 � c66� @2u1
@x1 @x2

� r
@2u2
@ t2

: �2:4�

By introducing the coordinate (x1, x2)=(x1ÿ vt, x2) moving with the crack tip in
the near-tip asymptotic analysis, we ®nd that (2.4) becomes

�c11 ÿ rv2�@
2u1

@x21
� c66

@2u1

@x22
� �c12 � c66� @

2u2
@x1 @x2

� 0,

�c66 ÿ rv2�@
2u2

@x21
� c22

@2u2

@x22
� �c12 � c66� @

2u1
@x1 @x2

� 0: �2:5�

We need to solve an auxiliary eigenvalue problem of (2.5) in order to pave the
way to obtain its general solutions. Without the loss of generality, we limit the
analysis to the upper half plane, x2r0, and look for the solution of (2.5) that has
the following structure�

u1
u2

�
� ~Uf�x1 � lx2�, ~U �

�
U1

U2

�
, �2:6�

where l is the eigenvalue and ~U is the corresponding eigenvector. Eq. (2.5) then
becomes�

c11 ÿ rv2 � l2c22 �c12 � c66�l
�c12 � c66�l c66 ÿ rv2 � l2c22

��
U1

U2

�
� 0: �2:7�

In order to have a non-trivial solution, the determinant of the matrix in (2.7) must
vanish, which gives the following four eigenvalues,
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l1 � m1, l2 � ÿm1, l3 � im2, l4 � ÿim2, �2:8�
where m1 and m2 are two real and positive constants given by

m1 �
��������������������������������������������������������
B2 � 4AC
p ÿ B

2A

s
, m2 �

��������������������������������������������������������
B2 � 4AC
p � B

2A

s
, �2:9�

A � c22c66,

B � c11c22 ÿ �c22 � c66�rv2 ÿ c212 ÿ 2c12c66,

C � �c11 ÿ rv2��rv2 ÿ c66�: �2:10�
The corresponding eigenvectors are

~U1 �
0@U

�1�
1

U
�1�
2

1A � � ÿm1�c12 � c66�
c11 ÿ rv2 � m21c66

�
,

~U2 �
0@ÿU �1�1
U
�1�
2

1A � � m1�c12 � c66�
c11 ÿ rv2 � m21c66

�
,

�2:11a�

and

~U3 �
0@U

�3�
1

U
�3�
2

1A � � ÿim2�c12 � c66�
c11 ÿ rv2 ÿ m22c66

�
,

~U4 �
0@ �U

�3�
1

�U
�3�
2

1A � � im2�c12 � c66�
c11 ÿ rv2 ÿ m22c66

�
,

�2:11b�

where the over bar ` ' stands for the conjugate of a complex variable. The general
solution of (2.5) can be written in terms of its eigenvectors as

�
u1
u2

�
�
0@U

�1�
1

U
�1�
2

1Af�x1 � m1x2� � 2 Re

8<:
0@U

�3�
1

U
�3�
2

1Ah�z�
9=;, �2:12�

where f(x1+m1x2) is a real function of its argument, h(z ) is an analytical function
of z except on the crack faces (x1 < 0, x2=02), and z=x1+im2x2. It should be
pointed out that the eigenfunction corresponding to the second eigenvalue l2 has
the form of g(x1 ÿ m1x2), which cannot exist in intersonic crack growth (Freund,
1990; Liu et al., 1995; Huang et al., 1996, 1998). The stress ®eld can be expressed
in terms of functions f and h as

Y. Huang et al. / Journal of the Mechanics and Physics of Solids 47 (1999) 1893±19161900



s11 � c11�U �1�1 f�x1 � m1x2� � 2 RefU �3�1 h�z�g�

� c12�m1U �1�2 f �x1 � m1x2� ÿ 2 Imfm2U �3�2 h�z�g�,
�2:13a�

s22 � c12�U �1�1 f�x1 � m1x2� � 2 RefU �3�1 h�z�g�

� c22�m1U �1�2 f �x1 � m1x2� ÿ 2 Imfm2U �3�2 h�z�g�,
�2:13b�

s12 � c66��m1U �1�1 �U
�1�
2 � f�x1 � m1x2� � 2 Ref�U �3�2 � im2U

�3�
1 �h�z�g�, �2:13c�

where `Re' and `Im' stand for the real and imaginary parts of a complex variable.
The traction-free condition on the upper crack face requires

s12 � s22 � 0 for x1<0, x2 � 0�: �2:14�
The substitution of stresses in (2.13) into the above traction-free condition in
(2.14) gives two equations in terms of f(x1) and h(x1). The elimination of function
f(x1) yields

ah��x1� ÿ �a �h
ÿ�x1� � 0 for x1<0, �2:15�

where h(z )=h(z ) is an analytic function in the lower half plane of z, superscripts
`+' and `ÿ ' stand for the limits for x240+ and x240ÿ, respectively, and

a � �m1U �1�1 �U
�1�
2 ��m2c22U �3�2 ÿ ic12U

�3�
1 � ÿ �c12U �1�1 � m1c22U

�1�
2 �

� �m2U �3�1 ÿ iU
�3�
2 �

� m2�c11 ÿ rv2 ÿ m21c12��c22�c11 ÿ rv2 ÿ m22c66� ÿ c12�c12 � c66��

� im1�c11 ÿ rv2 � m22c12��c22�c11 ÿ rv2 � m21c66� ÿ c12�c12 � c66��: �2:16�

It should be pointed out that Eq. (2.15) holds for both Mode-I and -II intersonic
fracture.

3. Mode-I crack-tip ®eld in intersonic crack propagation

The symmetry conditions ahead of a Mode-I crack tip require

u2 � 0 and s12 � 0 for x1 > 0, x2 � 0: �3:1�
The substitution of (2.12) and (2.13c) into the above equation and the elimination
of function f(x1) give
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bh��x1� ÿ �b �h
ÿ�x1� � 0 for x1 > 0, �3:2�

where

b � m2U
�3�
1 U

�1�
2 � im1U

�1�
1 U

�3�
2 � ÿi�c12 � c66��m21 � m22��c11 ÿ rv2�: �3:3�

Based on analytical continuation, a new analytic function Q(z ) is introduced,

Q�z� �
�
bh�z� Im�z�r0
�b �h�z� Im�z�R0

: �3:4�

The function Q(z ) is an analytic function in the entire plane, except on the crack
faces (x1 < 0, x2=0). The traction-free condition (2.15) on the crack face can be
expressed in terms of the analytic function Q(z ) as

a

b
Q��x1� ÿ

�a

�b
Qÿ�x1� � 0 x1<0: �3:5�

This constitutes a Riemann±Hilbert problem. The boundedness of displacements
near the crack tip requires Q(z )=O(vzva) as vzv 4 0 for a> ÿ 1. The general
solution for Q(z ) is

Fig. 2. The Mode-I power of stress singularity qI at the crack tip vs the normalized crack tip velocity,

v/cs, for a unidirectional ®ber-reinforced graphite/epoxy composite; cs is the shear wave speed, and the

material properties and wave speeds are given in Table 1.
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Q�z� � A�z�
zqI

, �3:6�

where A(z ) is an entire function (analytic in the entire plane including the crack
face), and qI is the power of stress singularity near a Mode-I intersonically
propagating crack tip and is given by

qI � 1

p
tan ÿ1

�m1
m2

F1�v�F2�v�
�
� 1

2
, �3:7�

where

F1�v� � c22�c11 ÿ rv2 � m21c66� ÿ c12�c12 � c66�
c22�c11 ÿ rv2 ÿ m22c66� ÿ c12�c12 � c66�

, �3:8a�

and

F2�v� � c11 ÿ rv2 � m22c12
c11 ÿ rv2 ÿ m21c12

: �3:8b�

The power of stress singularity qI depends on the crack tip velocity v, elastic
moduli and mass density of the composite material. The power of stress
singularity qI is shown in Fig. 2 versus the normalized crack tip velocity, v/cs, for
the unidirectional ®ber-reinforced graphite/epoxy composite material used in the
experiments of Coker and Rosakis (1998), Liu et al. (1999), and Rosakis et al.
(1999). The material properties and wave speeds are given in Table 1. The elastic
modulus c11 in the ®ber direction is much larger than c22 normal to ®bers.
Accordingly, the longitudinal wave speed in the ®ber direction is c (1)l =10,000 m/s,
much higher than that normal to the ®ber direction, c (2)l =2800 m/s, and the shear
wave speed, cs=1920 m/s. It is observed that the power of stress singularity qI in
Mode I is always larger than the square-root singularity 1/2 for the entire range of
intersonic crack growth, cs<v<c (1)l . However, similar to the intersonic crack
propagation in isotropic solids, it can also be veri®ed that the normal stress ahead
of an intersonic crack tip in orthotropic solids is compressive, i.e., s22(x1>0,
x2=0)<0, and the mode I crack tip energy release rate supplied by the elastic
asymptotic ®eld is negative and unbounded. This is once again physically
unacceptable since a propagating crack tip cannot radiate out energy.
Consequently, it is impossible for a Mode-I crack tip to propagate intersonically
in orthotropic solids. This is exactly why the crack tip velocity never exceeded the
shear wave speed in experiments, regardless of the e�ort to increase the impact
velocity of the projectile, see Rosakis et al. (1999). In fact, Abraham and Gao
(1999) have established from the molecular dynamics simulation of dynamic
fracture that the Rayleigh wave speed is the limiting crack tip velocity in Mode-I
crack propagation.

Y. Huang et al. / Journal of the Mechanics and Physics of Solids 47 (1999) 1893±1916 1903



4. Mode-II crack-tip ®eld in intersonic crack propagation

The anti-symmetry conditions ahead of a Mode-II crack tip require

u1 � 0 and s22 � 0 for x1 > 0, x2 � 0: �4:1�
The substitution of (2.12) and (2.13b) into the above equation and the elimination
of function f(x1) give

h��x1� ÿ �h
ÿ�x1� � 0 for x1 > 0: �4:2�

Based on analytical continuation, another analytic function R(z ) is introduced,

R�z� �
�
h�z� Im�z�r0
�h�z� Im�z�R0

: �4:3�

The function R(z ) is an analytic function in the entire plane, except on the crack
faces (x1 < 0, x2=0). The traction-free condition (2.15) on the crack face can be
expressed in terms of the analytic function R(z ) as

aR��x1� ÿ �aRÿ�x1� � 0 x1<0: �4:4�
Similar to analysis in Section 3 for Mode I, the above equation constitutes a

Fig. 3. The Mode-II power of stress singularity qII at the crack tip vs the normalized crack tip velocity,

v/cs, for a unidirectional ®ber-reinforced graphite/epoxy composite; cs is the shear wave speed, and the

material properties and wave speeds are given in Table 1.
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Riemann±Hilbert problem. Its general solution is

R�z� � B�z�
zqII

, �4:5�

where B(z ) is an entire function (analytic in the entire plane including the crack
face), and qII is the power of stress singularity near a Mode-II intersonically
propagating crack tip and is given by

qII � 1

p
tan ÿ1

�m1
m2

F1�v�F2�v�
�
, �4:6�

where F1(v ) and F2(v ) are given in Eq. (3.8). The comparison of (3.7) and (4.6)
shows the power of stress singularity qII in Mode II is exactly the Mode-I power
of stress singularity qI ÿ 1/2. Therefore, the power of stress singularity is always
between 0 and 1/2 for crack tip velocity in the range of intersonic crack
propagation, cs< v< c (1)l .

The power of stress singularity qII for Mode II is shown in Fig. 3 versus the
normalized crack tip velocity, v/cs, for the unidirectional ®ber-reinforced graphite/
epoxy composite material used in Coker and Rosakis (1998), Liu et al. (1999), and
Rosakis et al. (1999). The material properties and wave speeds can be found in
Table 1. It is observed that there exists a single velocity at which the power of
stress singularity equals the conventional square-root singularity 1/2. The
corresponding crack tip energy release rate supplied by the elastic asymptotic ®eld
at this critical crack tip velocity is ®nite and non-vanishing. Other crack tip
velocities in the entire range of intersonic crack growth give powers of stress
singularity that are less than 1/2, yielding a vanishing crack tip energy release rate
supplied by the elastic asymptotic ®eld. In fact, it can be shown for general
orthotropic materials that there is only one crack tip velocity, vc, that gives the
square-root singularity. By enforcing qII=1/2, we ®nd this critical crack tip
velocity vc is given by

vc �
�������������������������
c11c22 ÿ c212
r�c12 � c22�

s
�

����������������������������
c11c22 ÿ c212
c66�c12 � c22�

s
cs: �4:7�

For this unidirectional ®ber-reinforced composite material whose material
properties are given in Table 1, the critical crack tip velocity vc in (4.7) is
4.532cs=8700 m/s. It should be pointed out that this critical crack tip velocity is
only slightly larger than the stable crack tip velocity of approximately 8000 m/s
observed by Coker and Rosakis (1998). We believe that if the impact velocity of
the projectile is large enough after a short transient crack tip speed history, a
crack tip tends to propagate steadily at this critical velocity in (4.7) so as to
maintain a balance between the energy ¯ow into the crack tip and that needed to
cause a fracture of the material, i.e., to have a ®nite, non-vanishing crack tip
energy release rate. The slight di�erence between experimentally observed crack
tip velocity and the prediction by (4.7) may result from the sensitivity of power of
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stress singularity qII to material properties of composites. It is observed from Fig.
3 that, as the crack tip velocity exceeds the shear wave speed, the power of stress
singularity rapidly approaches 1/2. Slight inaccuracy in the measurement of elastic
moduli cij may reduce this crack tip velocity of 8700 m/s in (4.7) to that of 8000 m/
s observed in experiments. Another factor that may also contribute to the slight
di�erence between experimentally observed crack tip velocity and the prediction
by (4.7) is the waviness of the crack path because a shear crack may have a slight
zig-zag crack path between two neighboring intact ®bers. The waviness of the
crack path leads to a di�erence between the local crack tip velocity of 8700 m/s
predicted by (4.7) and the global crack tip velocity of 8000 m/s measured in
experiments, similar to the study for isotropic solids (Gao, 1993)

The function h(z ) can be obtained by substituting (4.5) into (4.3), which yields

h�z� � �h�z� � B�z�
zqII

: �4:8�

Therefore, B(z )=B(z ), or in other words, the Taylor series of B(z ) have real
coe�cients. Based on the traction-free condition (2.14) on the crack face and the
anti-symmetry condition (4.1) ahead of a Mode-II crack tip, the real function f(x1)
in (2.12) and (2.13) is related to the entire function B(z ) by

f�x1� �

8><>:
0 x1 > 0

ÿF2�v�2 cos qIIp � B�x1�
�ÿx1�qII

x1<0
, �4:9�

where the function F2(v ) is given in (3.8b), and the power of Mode-II stress
singularity is given in (4.6). The stress ®eld near a Mode-II intersonically
propagating crack tip can be obtained from (2.13) as

s11 � ÿm1�c66�c11 ÿ m21c12� � c12rv2�f�x1 � m1x2� � 2m2�c66�c11 � m22c12�

� c12rv2�Im�h�x1 � im2x2��, �4:10a�

s22 � ÿm1�c12�c12 � c66� ÿ c22�c11 ÿ rv2 � m21c66��f�x1 � m1x2�

� 2m2�c12�c12 � c66� ÿ c22�c11 ÿ rv2 ÿ m22c66��Im�h�x1 � im2x2��, �4:10b�

s12 � c66�c11 ÿ rv2 ÿ m21c12� f�x1 � m1x2� � 2c66�c11 ÿ rv2

� m22c12�Re�h�x1 � im2x2��: �4:10c�

Only the leading term is kept in the near-tip asymptotic analysis. Therefore, the
function B(z ) is replaced by a real constant B0. Functions f(x1+m1x2),
Re[h(x1+im2x2)] and Im[h(x1+im2x2)] can be simpli®ed as
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f�x1 � m1x2� � ÿF2�v� 2B0 cos qIIp
�ÿx1 ÿ m1x2�qII

H�ÿx1 ÿ m1x2�, �4:11a�

Re�h�x1 � im2x2�� � B0 � cos qIIy
rqII

, �4:11b�

Im�h�x1 � im2x2�� � ÿB0 � sin qIIy
rqII

, �4:11c�

where H is the Heaviside step function, (r, y ) are the scaled polar coordinates in
the (x1, m2x2) plane and are given by

r �
��������������������
x21 � m22x

2
2

q
, y � tan ÿ1�m2x2=x1�: �4:12�

It can be veri®ed that stresses are singular not only at crack tip, but also on the
entire ray x1+m1x2=0. The existence of such a ray of singularity propagating with
the crack tip has been observed in all experiments described here (i.e., Coker and
Rosakis, 1998; Rosakis et al., 1998b, 1999), as discussed in detail in the next
section.

5. Comparison with experimental observations

The optical method of CGS (Coker and Rosakis, 1998; Liu et al., 1999; Rosakis
et al., 1999) and the method of photoelasticity (Rosakis et al., 1998b) have been
used in conjunction with high-speed photography (up to 2,000,000 frames per
second) to record near-tip stress ®elds of intersonically moving interfacial crack
tip in unidirectional graphite/epoxy ®ber-reinforced composites and weakly
bonded isotropic Homalite-100 plates. CGS fringes are contours of gradients of
the out-of-plane displacement, or equivalently, gradients of the out-of-plane strain
for orthotropic materials, i.e., they are proportional to contours of equal e33,1 or
e33,2, depending on the experimental setup. Photoelasticity, on the other hand, is
proportional to di�erences of principal strains for orthotropic materials, i.e.,
photoelastic fringes are contours of e1±e2, where e1 and e2 are the two in-plane
principal strains in plane stress. For an orthotropic material under plane-stress
deformation, the out-of-plane strain e33 is given by

e33 � s13s11 � s23s22, �5:1�
where x1 is the ®ber direction, x2 is normal to ®bers, and x3 is the out-of-plane
direction, s13 and s23 are elastic compliancies of the orthotropic material and are
given in terms of elastic moduli and Poisson's ratios by

s13 � ÿn31
E3
� ÿn13

E1
, s23 � ÿn32

E3
� ÿn23

E2
: �5:2�

Y. Huang et al. / Journal of the Mechanics and Physics of Solids 47 (1999) 1893±1916 1907



F
ig
.
4
.
C
o
m
p
a
ri
so
n

b
et
w
ee
n

th
e
sy
n
th
et
ic
a
ll
y

a
n
d

ex
p
er
im

en
ta
ll
y
o
b
ta
in
ed

C
G
S

fr
in
g
e
p
a
tt
er
n
s
fo
r
a

cr
a
ck

ti
p

v
el
o
ci
ty

o
f
v=

6
0
0
0
m
/s
;
th
e
m
a
te
ri
a
l

p
ro
p
er
ti
es

a
n
d
w
a
v
e
sp
ee
d
s
a
re

g
iv
en

in
T
a
b
le

1
:
(a
)
sy
n
th
et
ic
a
ll
y
o
b
ta
in
ed

C
G
S
fr
in
g
e
p
a
tt
er
n
s
fo
r
a
p
la
n
e-
st
re
ss

u
n
id
ir
ec
ti
o
n
a
l
®
b
er
-r
ei
n
fo
rc
ed

g
ra
p
h
it
e/

ep
o
x
y
co
m
p
o
si
te
;
(b
)
ex
p
er
im

en
ta
ll
y
o
b
ta
in
ed

C
G
S
(r
e¯
ec
ti
o
n
)
fr
in
g
e
p
a
tt
er
n
s
sh
o
w
in
g
a
sh
ea
r
cr
a
ck

p
ro
p
a
g
a
ti
n
g
in
te
rs
o
n
ic
a
ll
y
in

a
u
n
id
ir
ec
ti
o
n
a
l
®
b
er
-

re
in
fo
rc
ed

g
ra
p
h
it
e/
ep
o
x
y
co
m
p
o
si
te

p
la
te

(C
o
k
er

a
n
d
R
o
sa
k
is
,
1
9
9
8
).

Y. Huang et al. / Journal of the Mechanics and Physics of Solids 47 (1999) 1893±19161908



F
ig
.
4
.
(c
o
n
ti
n
u
ed
)

Y. Huang et al. / Journal of the Mechanics and Physics of Solids 47 (1999) 1893±1916 1909



The elastic compliancies s13 and s23 are given in Table 1 for the unidirectional
®ber-reinforced graphite/epoxy composite used in experiments.

It has been observed in experiments that the Mode-I crack tip velocity can
never exceed the shear wave speed, regardless of how large the impact velocity of
the projectile. This is consistent with the analysis of Mode-I near-tip ®eld in
Section 3, which shows the crack tip energy release rate becomes negative and
unbounded in Mode-I intersonic crack propagation, which is physically
unacceptable. This is also consistent with Abraham and Gao's (1999) molecular
dynamics simulation, which shows the limiting crack tip velocity in Mode-I crack
propagation is the Rayleigh wave speed. For Mode-II intersonic crack
propagation, the stable crack tip velocities recorded in experiment are very close
to the critical crack tip velocity given in (4.7) at which the crack tip energy release
rate is ®nite and non-vanishing. In this section, we will compare the
experimentally obtained CGS and photoelasticity fringe patterns and those
synthetically generated from the near-tip asymptotic ®eld in Section 4.

For CGS fringes, the expression for e33,1 can be obtained from (5.1) and (4.10)
as

e33,1 � P1f�x1 � m1x2� � P2 Im�h�x1 � im2x2��, �5:3�
where

P1 � ÿs13m1�c66�c11 ÿ m21c12� � c12rv2� ÿ s23m1�c12�c12 � c66� ÿ c22�c11

ÿ rv2 � m21c66��, �5:4a�

P2 � 2s13m2�c66�c11 � m22c12� � c12rv2� � 2s23m2�c12�c12 � c66� ÿ c22�c11

ÿ rv2 ÿ m22c66��, �5:4b�

and

f�x1 � m1x2� � ÿF2�v� 2qIIB0 cos qIIp
m1m2�m21 � m22��c12 � c66�c66

� H�ÿx1 ÿ m1x2�
�ÿx1 ÿ m1x2�qII�1

, �5:5a�

Im�h�x1 � im2x2�� �
qIIB0

m1m2�m21 � m22��c12 � c66�c66
� sin�qII � 1�y

rqII�1
, �5:5b�

where B0 is the amplitude factor governing the near-tip ®eld, r and y are scaled
polar coordinates given in (4.12).

Figs. 4(a) and (b) show the comparison between synthetically and
experimentally obtained CGS fringe patterns for a crack tip velocity of v=6000 m/
s (Coker and Rosakis, 1998). The existence of a shock wave emanating from the
intersonically propagating crack tip is clearly evident in Figs. 4(a) and (b). The
fringe patterns are much more concentrated right behind the shock wave,
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indicating a large gradient in the out-of-plane strain. The angles between the
shock wave and the crack face in Figs. 4(a) and (b) agree very well. (It should be
pointed out that, due to the experimental setup, the experimentally obtained fringe
patterns have been automatically rescaled in the direction normal to ®bers. This is
the reason that the angle between shock and crack face in Fig. 4(b) looks smaller
than that in Fig. 4(a).) Therefore, the present model of approximating a
unidirectional ®ber-reinforced composite by a homogeneous elastic orthotropic
solid works well for the prediction of a shock wave. The fringe patterns ahead of
the shock wave are quite di�erent from those behind the shock wave, indicating
stresses have a strong discontinuity across the shock wave. However, even though
they bear similarities, di�erences can be observed between the synthetically
generated fringe patterns in Fig. 4(a) and the experimentally obtained fringe
patterns in Fig. 4(b). We believe that the di�erences may result from the
assumption of steady-state crack propagation in the analysis. The synthetically
generated CGS fringe patterns in Fig. 4(a) are based on the Mode-II steady-state
solution in Section 4, while the crack tip velocity of v=6000 m/s for the
experimentally obtained CGS fringe patterns in Fig. 4(b) is signi®cantly lower
than the measured steady-state crack tip velocity of 8000 m/s, i.e., the fringe
patterns in Fig. 4(b) have not reached a steady state yet. The di�erence between
the fringe patterns in Figs. 4(a) and (b) may also result from the fact that the
synthetically generated fringe patterns in Fig. 4(a) are obtained for a
homogeneous solid, i.e., the e�ect of discrete ®bers in a composite has not been
accounted for.

For photoelasticity fringes, the expression for ve1ÿ e2v is found as

j e1 ÿ e2 j�
������������������������������������
�e11 ÿ e22�2 � 4e212

q
, �5:6�

e11 ÿ e22 � Q1f�x1 � m1x2� �Q2Im�h�x1 � im2x2��, �5:7a�

2e12 � Q3f �x1 � m1x2� �Q4 Re�h�x1 � im2x2��, �5:7b�
where

Q1 � ÿm1�c11 � c12 ÿ rv2 � c66 � m21c66�, �5:8a�

Q2 � 2m2�c11 � c12 ÿ rv2 � c66 ÿ m22c66�, �5:8b�

Q3 � c11 ÿ m21c12 ÿ rv2, �5:8c�

Q4 � 2�c11 � m22c12 ÿ rv2�, �5:8d�
and functions f(x1+m1x2), Re[h(x1+im2x2)], and Im[h(x1+im2x2)] have been given
in (4.11).
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Figures 5(a) and (b) show the comparison between synthetically and
experimentally obtained photoelasticity fringe patterns for a crack tip velocity of
v=1800 m/s in weakly bonded Homalite-100 plates (Rosakis et al., 1998b).
Homalite-100 is isotropic, and has a shear wave speed of 1255 m/s and a
longitudinal wave speed of 2200 m/s in plane-stress deformation. The existence of
shock waves is clearly evident. The angles between the shock wave and the crack
face in Figs. 5(a) and (b) also agree very well. The fringe patterns ahead of the
shock wave are rather similar in Figs. 5(a) and (b). This is because the crack tip
velocity v=1800 m/s is the steady-state velocity

���
2
p

cs for isotropic solids, such
that the steady-state solution in Section 4 applies. The fringe patterns behind the

Fig. 5. Comparison between the synthetically and experimentally obtained photoelastic fringe patterns

for a crack tip velocity of v=1800 m/s; the material properties and wave speeds are given in Table 2:

(a) synthetically obtained photoelastic fringe patterns for two weakly bonded, identical Homalite-100

plates; (b) experimentally obtained photoelastic pattern (isochromatic ®gures), for a shear crack

propagating intersonically along the bond between two identical Homalite-100 plates (Rosakis et al.,

1998b).
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shock wave in Fig. 5(b), however, di�er markedly from those predicted by the
steady state solution. Two reasons may contribute to this discrepancy. Firstly, due
to large scale frictional contact between the shear crack faces (Lambros and
Rosakis, 1995; Rosakis et al., 1998), which is not modeled by the analytical

Fig. 5. (continued)
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solution. Secondly, due to the changes in stress ®eld caused by the initiation and
propagation of subsonic Mode-I secondary cracks behind the main intersonic
(Mode-II) crack tip (see Rosakis et al., 1998b for details).

6. Conclusions

The asymptotic stress and displacement ®elds near an intersonic propagating
crack tip in a unidirectional ®ber-reinforced composite material have been
obtained, where the composite has been modeled as an elastic orthotropic,
homogeneous solid. A prescribed straight line crack path has been assumed for
both the Mode-I and -II cases. It is established that a Mode-I crack tip can never
propagate intersonically, i.e., the crack tip velocity cannot be higher than the
shear wave speed, because the crack tip energy release rate supplied by the electric
asymptotic ®eld is negative and unbounded. This agrees well with the
experimental observations of Mode-I crack growth in unidirectional ®ber-
reinforced graphite/epoxy composite plates (Liu et al., 1999) which showed that,
regardless of the e�ort to increase the impact velocity of the projectile, the Mode-I
crack tip velocity never exceeded the shear wave speed. For Mode-II intersonic
crack propagation, however, the asymptotic analysis shows that there exists one
and only one critical crack tip velocity at which the crack tip energy release rate is
®nite and for which stable crack growth is possible. In fact, this critical crack tip
velocity agrees well with the stable crack tip velocity at which the crack tip grew
for a substantial period of time in shear load dominated experiments for the
unidirectional ®ber-reinforced graphite/epoxy composite (Coker and Rosakis,
1998; Rosakis et al., 1999). Therefore, based on the requirement of a ®nite, non-
vanishing crack tip energy release rate for fracture of materials, we conclude that
Mode-I intersonic crack propagation is impossible, while Mode-II intersonic crack
propagation tends to approach a stable crack tip velocity. This stable crack tip
velocity is given analytically in (4.7) and it agrees well with experimentally
measured velocity. The synthetically generated CGS fringe patterns based on the
asymptotic ®eld also agree qualitatively with experimentally obtained ones,
particularly for the existence of shock waves. For the case of isotropic plates
bonded together in a weak bond (isotropic inhomogeneous case), similar
observations are made. The degenerate case (for isotropy) of the synthetically
generated photoelastic fringe patterns exhibiting distinct shear shock waves agrees
with the experiments on bonded Homalite-100 plates reported recently by Rosakis
et al. (1998b).
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